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Abstract 

Based on Drinfel'd realization of super Yangian Double DY {gl{l\l)), its pairing 
relations and universal 7^-matrix are given. By taking evaluation representation of 
universal 7^-matrix, another realization L^{u) of DY {gl{l\l)) is obtained. These 
two realizations of DY {gl{l\l)) are related by the supersymmetric extension of 
Ding-Frenkel map. 



Yangian algebra was introduced by Drinfel'd fT], 3- The quantum double of Yangian 
consists of Yangian itself and its dual with opposite comultiplication. There are three 
methods to define the Yangian and Yangian double: Drinfel'd- Jmbo [|^, Drinfel'd new 
realization p| and RS approach ^ (or FRT approach 0] in the case of without center ex- 
tension). The explicit isomorphism between Drinfel'd new realization and RS realization 
of Yangian double can be established through Gauss decomposition, the similar method 
used by Ding and Frenkel in the discussions of quantum Affine algebra. 0. The prop- 
erty of Yangian double, such as quasi-triangular properties and equivalence of Drinfel'd 
and RS realization was studied well in some papers |^, |], |^. Although the Drinfel'd 



realization of super Yangian double [|1^, |TT| was constructea by means of RS method 
and Gauss decomposition, the quasi-triangular property, such as universal 7?.-matrix of 
super Yangian double has not been studied yet. In this paper, we find the Hopf pairing 
relations between super Yangian Y {gl{l\l)) and its dual, then construct the universal TZ- 
matrix of DY {gl{l\l)). By taking evaluation representation, we get the FRT realization 
of DY (gim)- 



Super Yangian double DY {gl{l\l)) is the Hopf algebra generated by elements 
(Drinfel'd generators) e„, /„, hn, kn,n G Z which satisfy the following multiplication rela- 
tions 

m ) ^n] [^m i fn\ 
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[ho , e„] = -2e„ , [ko , /„] = 2/„ 

[hm+i , e„] - [hm , e„+i] + {/i™ , e„} = (1) 

[^m+l ; fn] ~ [hm i fn+l] ~ {^m j /n} = 
{^m } fn} ^m+n 

They could also be written as generating functions (or Drinfel'd currents) 



n>0 n>0 

n<0 n<0 



= 1 ± E ^nM-"-' , = 1 ± E (3) 

n>0 n>0 
n<0 n<0 

and 

= ^-(m) , = (4) 

then the relations (1) look as follows 

[H^{u) , H^iv)] = [H'^iu) , K'^iv)] = [K^u) , K'^{v)] = 0, Va,p = +, - 
[K^iu) , E{v)] = [K^iu) , F{v)] = 
{E{u) , = {F{u) , F(t;)} = 

H^{u)E{v) = (5) 
u — V — 1 

{E{u) , F{v)} = 6{u - v)[K-{v) - K+{u)] 

in which 5{u — v) — Y,kez'^^'^~^~^ ■ The comultiplication structure for DY [gl{l\l)) is 
given by 

A {e^{u)) = F^(w) (g) 1 + H^{u) ® E^{u) 
A (f^{u)) = 1 ® F^{u) + F^{u) ® H^{u) 

A (k^{u)) = K^(u) ® ir±(it) (6) 

A (h^{u)) = H^{u) ® H^{u) - 2F^{u - l)H^{u) ® H^{u)E^{u - 1)) 

As a quantum double, ((^/(lll)) consists of the super Yangian and 
its dual with opposite comultiplication. The super Yangian Y {gl{l\l)) is 

generated by E~^{u), F~^{u), 

H^{u), K^{u) and F* is generated by E~{u),F~{u), H~{u), K~{u). There exists 

a Hopf pairing relation between Y {gl{l\l)) and Y* : < , > which satisfies 

the conditions 

< ab , c*d* >=< A{ab) , c* ® d* >=< 6 <g) a , A{c*d*) > (7) 

for any a,b eY {gl(l\l)) and c*, d* e Y* (5f/(l|l)). We find that this pairing relation can 
be written as 

< E+(u) , F-(v) >= , < F+(u) , E-(v) >= (8) 

u — V U — V 

< . if-W >^ <K*(u),H-(.)>^^-^^ (9) 
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As the same discussion for DY{sl2) 0, the universal 7^-matrix for DY {gl{l\l)) has 
the following form 



7^ = 7^+7^l7^27^_ 



where 



^+ = n exp(-e„ (g) 

n>0 

^- = n exp(-/„ ® e_„_i 

n>0 

^1 = n \ ^^^u=v 

n>0 [ 



l) — (\nH+(u)) ® \nK'(v + 2n + 1) 
au 



n>0 



-1) — (lnir+(w)) (g) \nH-{v + 2n + l) 
au 



here we have used the notations 

Resu=„ {A{u) (g) B{v)) = ^ak0 b-k-i 



(10) 

(11) 
(12) 

(13) 

(14) 

(15) 



for A{u) = J2k o-kU ^ ^ and B{u) = J2k hu ^ ^. 

From the quasi-triangular property of the double, the universal 7^-matrix satisfies 



(A®id)7^ = 7^l3■7^23, (irf ® A)7^ = 7^l3 ■ 7^l2 



(16) 
(17) 



In dealing with the tensor product in the graded case, we must use the form (A® S) • (C® 
D) = (—1)^^^^^^^^ AC ® BD, P{B) = 0, 1 for B is bosonic and fermionic respectively. 
Let Px be taking two-dimensional evaluation representation for DY {gl{l\l)): 



I 



PxKPn) 



Px{hn) 






:) 














—X 



Pxifn 
Px ( kn 



x'' 


-x" 
-x' 



and let 



L+(x) = {px ^(^)(7^^^)~^ L'{x) = (p^ id)n 
R+(x -y) = (p., (g) py){n^^Y\ R~{x -y) = {p., ® Py)n 

then from (10), we have 



L+(x) 



L-(x) 



\ / kfix) 







1 E+(x) 



F+{x) 1 

1 
\^ F-{x) 1 







ktix) I I 



k^{x) 
A;2-(x) 



1 E-{x) 
1 



(19) 



(20) 
(21) 



(22) 
(23) 
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here 



7 4- 

kt 


(a;) 


= n 






n>0 


1 + 


(x) 


= n 






n>0 


K 


{x) 


= n 






n>0 


^2 


(x) 


= n 






n>0 



- 2n - 2) H+{x-2n) 
K+{x - 2n - 1) i7+(a; - 2n - 1) 

K+(2;-2n) H+{x-2n) 
K+{x - 2n - 1) - 2n - 1) 

+ 2n + 1) + 2n + 1) 

ir+(x + 2n) //+(x + 2n + 2) 

+ 2n + 1) + 2n + 1) 

+ 2n + 2) + 2n + 2) 



and 



R^[x -y) = p^{x - y) 










1 





x-y 

x-y+l x-y+1 

1 x-y 

x—y+1 x—y+1 










x-y-1 

x—y+1 



here 



p^x) = n 



n>0 

n 



(x - 2n - 3)(x - 2n - - 2n + 1) 
(x - 2n - 2)2(x - 2n)2 

(x + 2n)2(x + 2n + 2)2 



(x + 2n - + 2n + + 2n + 3) 
From (|l6l), the relations among R^[x — y) and L^[x) can be obtained 



The comultiplication structure for current Lfj{u) are got from (|T^) 



^ (_l){i+fc)('^+i)L±.(iz)®L 

A:=l,2 



U 



(24) 

(25) 
(26) 
(27) 



(28) 



(29) 
(30) 



R^JA^ - y)RakA^ - z)Rbc,Ay - z)(-l)(^('^)-^(''«^('') 

= (-lf(^)(P(f)-P(r))ji^^^^^(^y _ z)R,^^^,{x - z)R,e,p,ix - y) (31) 

Rtmniu - .)L^,(.)L^,(.)(-l)^('=)™+^«) 



(34) 



The relations (^ and (^^ is another defining of super Yangian double, which is 
usually referred to super version of FRT construction method. If we start from ( |52| , |55| ) 
and ( |3^ ) to define super Yangian double, using the decomposition (^), ( pSD and settmg 
X^(m) = kf(u)~^kt{u),H^(u) = kf(u)kt{u — 1), we can also rediscover the Drinfel'd's 
currents or generators realization of the super Yangian double ([l|),(i|) and (||) [0] . 
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